Abstract-Resonant controller (RSC) is one of the most popular approaches for ac current/voltage control due to the high performance of zero steady-state tracking error. However, it suffers from heavy computational burden issue when multiple RSCs are demanded to control multiple harmonics. To alleviate this issue, a down-sampled multirate RSCs (MRRSCs) scheme is proposed for controlling power inverters, e.g., grid-connected inverters and active power filters. The proposed control scheme is composed of an inner control loop with a fast sampling rate, which is identical to the switching frequency, and an array of paralleled MRRSCsbased external control loop with a reduced sampling rate. With the reduced sample rate, the MRRSCs can be executed alternatively in the dq-frame, such that the computational burden can be significantly reduced per cycle. Moreover, to reinforce the wide frequency adaptability of the MRRSC, its central resonant frequency is online updated according to the output of the phase-locked loop. In the paper, the equivalent single-rate closed-loop model of the overall system is developed, based on which the controller parameters are designed employing the Nyquist diagram and root locus. Finally, experiments are performed on a grid-connected inverter to validate the superiority of the proposed scheme.
with zero steady-state error [2] . They have been applied with satisfactory results to various cases such as distributed renewable energy generation systems [3] [4] [5] [6] [7] [8] [9] , active power filters [10] [11] [12] , and motor drives [13] [14] [15] , etc.
Numerous research works about RSCs design have been carried out, and many achievements have been made in past decades. The system delay significantly affects the system stability, thus providing RSC with phase compensation can significantly improve the system stability, especially when dealing with high-order harmonics. In [2] , one-step and two-step predictions for computational delay compensation are proposed. However, the large phase lag in the control plant is not considered. Thus, only low-order harmonics (e.g., 5th, 7th, 11th, 13th) can be well-controlled. In [10] , vector proportional-integral (VPI) controller is proposed to compensate the phase lag of the control plant, and the control ability can be extended to 39th order harmonic. However, the VPI is designed from the single L-filter model, which may not be suitable for the commonly adopted LCL-filtered inverters nowadays. An arbitrary phase angle compensation strategy for RSC is proposed in [16] . In [17] , the phase compensation angle of RSC has been elaborately designed in terms of Nyquist diagrams and sensitivity function, and the control plant, computational and pulsewidth modulation (PWM) delays have been taken into consideration. It is demonstrated in [17] that the RSCs can be tuned up to the Nyquist frequency by maximizing the distance between the Nyquist trajectory to the critical point. In [18] , the similar phase compensation angle has been obtained while in a more simple way.
Since the high gain of RSC resides only in the vicinity of the resonant frequency, the performance of RSC is very sensitive to grid frequency variations, especially with respect to the high-order harmonics. The simplest way of decreasing the sensitivity is to increase the RSC gain [13] to enlarge the bandwidth. However, the large RSC gain may deteriorate the system stability margin. A damping term is usually added in an ideal RSC to obtain a nonideal RSC [3] , [19] , which may broaden the controller bandwidth. Although the frequency sensitivity of nonideal RSC may be reduced, the performance is very limited, i.e., ±1 Hz [20] , [21] . In applications of distributed power generation systems, onboard electric power systems (ships, aircrafts, trains, etc.), or islanded microgrids, wide range grid frequency variations may occur, e.g., −3-+5 Hz [20] . The performance of both ideal and nonideal RSCs may degrade dramatically, and online parameter correction is often necessary to automatically retune the central resonant frequency of RSC to maintain the high control accuracy [11] .
RSCs-based control scheme will suffer from heavy computational burden when multiple paralleled RSCs are required to control multiple order harmonics simultaneously, e.g., active power filtering [10] , [11] and DG inverters with auxiliary harmonic rejection/compensation capability [3] , [4] . To reduce the computational burden, reduced order RSCs, i.e., reduced order generalized integrators or complex controller, are proposed for different applications [21] [22] [23] [24] . Recently, an adaptive RSC without phase-locked loop (PLL) is proposed in [25] for singlephase grid-tied inverters to achieve a simpler and more compact structure. Compared with the traditional single-rate digital control systems, the multirate control systems, which consist of more than one sampling frequency, have the advantages of less computational burden and flexible sampling frequency selection. The multirate scheme has been successfully applied in repetitive control (RC) in motion control [26] . And a downsampled multirate RC scheme for constant voltage constant frequency PWM converters and active power filter applications have been investigated in [27] and [28] . Considering the benefits of RSCs can be brought compared with RCs, it has great potential to apply RSCs in a multirate system. The upsampled multirate RSCs (MRRSCs) scheme is recently proposed in [29] to minimize the deviation of RSC's resonant frequency by increasing the sampling frequency of RSCs via an extra field programmable gate array, which inevitably increases the system cost. Unfortunately, the downsampled MRRSCs is barely studied in the previous publications. Thus, in this paper, the design strategy of downsampled MRRSCs is investigated.
The rest of the paper is organized as follows. The modeling, stability analysis, and parameters tuning criteria of the MRRSCs-based closed-loop system are presented in Section II. The experimental testbed is briefly introduced, and the controller design case concerning the power stage parameters of the test bed is given in detail in Section III. Experimental results of harmonic compensation of the grid-connected inverter are provided in Section IV to verify the effectiveness of the proposed scheme. Section V summarizes the paper.
II. SYNTHESIS AND ANALYSIS OF THE MRRSCS-BASED CLOSED-LOOP SYSTEM
A. Synthesis of the MRRSCs-Based Closed-Loop System the two sampling periods can be expressed as follows:
When m = 1, the MRRSC becomes the conventional singlerate RSC. In the MRRSCs block, E(z m ) is the downsampled error signal. And U r (z m ) is the output of MRRSCs, which is interpolated by a zero-order-hold (ZOH) block.
Phase compensation of RSC can significantly improve the closed-loop system stability margin, and it is especially necessary for the RSC aiming at controlling high-order harmonics [11] . Thus, in this paper, the phase compensated MRRSC is used. The z-domain transfer function of the MRRSC can be expressed as (2) , which is discretized from the corresponding s-domain transfer function via Tustin with prewarping [3] 
where 
where N h is the set of selected harmonic orders. According to Fig. 1 , the open-loop transfer function of the inner control loop can be derived as follows:
B. Equivalent Single-Rate Closed-Loop System
To analyze the MRRSCs-based closed-loop system in Fig. 1 , it is transformed into an equivalent single rate system with a sampling rate equals to the RSC sampling rate as shown in Fig. 2 . In the figure, OP(z m ) represents the RSC sampling rate counterpart of OP(z).
In order to develop the equivalent RSC sampling rate model of the inner control loop open-loop transfer function, (4) is rewritten in the state-space form as follows [30] :
where x f , u f , y f , and v f are the state variables, input, output, and disturbance, respectively. And A f , B f , C f , and D f are system matrix, input matrix, output matrix, and feedforward matrix, respectively.
Since the sampling rate of RSC is m times slower than that of the inner control loop, the RSC uses both the present and previous m steps output signals of the inner loop to produce an output at present instant. Note that the discrete time index k corresponding to the RSC sampling rate. For (5), k = mK+ i (i = 0, 1, 2, . . . m−1), the state-space equation in one RSC rate sampling period mT s can be expressed as follows [26] , [27] :
. . .
According to (6) , the downsampled state-space equation can be rewritten as follows:
where
The equivalent RSC sampling rate open-loop and closed-loop transfer functions of the inner control loop can be derived as follows:
C. System Stability Analysis
Based on (3), (8) , and (9), the open-loop and closed-loop transfer functions of the overall equivalent single-rate system can be derived as follows:
From (11), it can be observed that the overall closed-loop system is stable if the following two conditions hold [18] :
1) the roots of 1 + OP (z m ) = 0 are inside the unit circle; 2) the roots of 1 + G c (z m )CP (z m ) = 0 are also inside the unit circle. The first stability condition can be easily achieved by tuning the inner control loop, which has been well-presented. The second system stability condition can be inspected by applying the Nyquist stability criterion to its equivalent open-loop transfer function, i.e., G c (z m )CP (z m ). According to the Nyquist stability criterion, the number of the open-loop unstable poles P must be equal to N, which stands for the net number of counterclockwise encirclements of the critical point (−1, j0) on the Nyquist diagram, to ensure system stability, i.e., P = N [30] . In case P = 0, the distance between the Nyquist curve and the critical point (−1, j0) provides a clear indication of stability margin [17] .
D. MRRSCs Parameters Design Criteria
Selecting the downsampled sampling rate is very important for designing a multirate system, it should be the first step before further designing the parameters of MRRSC. According to the Nyquist-Shannon sampling theorem, a sufficient sample-rate for a given signal to be handled is at least two times of its bandwidth. If the frequency of the signal to be controlled is too close to the Nyquist frequency, the accuracy of producing the corresponding control signal will drop. Consequently, the control accuracy degrades. Thus, m should not be too large, and it should be properly chosen taking into consideration following three aspects: 1) bandwidth of signals to be controlled; 2) reduction of computational burden; 3) degradation of controller performance. The phase compensation angle of MRRSC is set equal to the phase delay of the equivalent control plant [18] , viz., (12) , so that the distance between the Nyquist trajectory and the critical point can be maximized, which implies the highest stability and avoidance of closed-loop anomalous peaks, and a significant improvement in transient response (greater damping) [17] 
where ϕ h is the phase compensation angle of MRRSC tuned at the hth order harmonic. The second stability condition also relies on the value of the integral gain of MRRSC. For the sake of simplicity, the integral gains of the selected MRRSCs, i.e., K I h , are set to be identical to each other. To calculate an optimal analytical value of K I h is difficult due to the high order of the system. Thus, here only the range of K I h regarding system stability is determined by employing the root locus of the closed-loop system, i.e., 1 + G c (z m )CP (z m ). Considering more closely the root locus approaching the unit circle, the smaller the system damping coefficient will be, which implies more easily prone to system oscillation. Thus, the tradeoff should be made between the system stability and dynamic response speed when selecting the value of K I h .
III. MRRSCS-BASED CURRENT CONTROL STRATEGY
To evaluate the performance of the proposed MRRSCs scheme, a three-phase compact lab-scale islanded microgrid, which consists of two LCL-filtered inverters, is built in the laboratory and the corresponding block diagram is shown in Fig. 3 . The left side converter serves as a grid-forming inverter, while the other one acts as a grid-connected inverter with the proposed control strategy. A diode rectifier is connected to the ac bus to emulate the nonlinear load. The power stage parameters are listed in Table I for the controller parameters design. Fig. 4 shows the block diagram of the inner control loop in the z-domain, where the capacitor current feedback-based active damping (AD) is used to address the LCL filter resonance issue, and the inner loop controller C(z) employs a proportionalintegral (PI) controller to regulate the output current i 2 . The computational delay has been modeled as one sampling period delay. The corresponding z-domain plant transfer functions are 
A. Inner Control Loop Design
is the resonance angular frequency. Note that G m 2 (z) and G m c (z), which stand for the transfer z-domain functions of inverter output v m to the grid side current i 2 and the capacitor current i c , respectively, are discretized from their corresponding s-domain ones via ZOH to reflect the PWM delay. In Fig. 4 , D(z) which stands for the lead-lag compensator, used to compensate the delay of the AD loop, is expressed as follows:
where K ad represents the AD loop gain. In the paper, the backward Euler integration is used in the PI regulator, which is expressed as follows:
where K P and K I represent the proportional and the integral gains, respectively. Since the designing of inner control loop parameters, i.e., active damping compensator and PI controller, is already well presented [31] , they will not be discussed in this paper. The tuned inner control loop parameters are directly listed in Table II for further MRRSCs parameters design.
Substituting the parameters listed in Tables I and II inner control loop can be derived as (17) and (18) shown at the bottom of this page.
The Bode plots of OP(z) and CP(z) are shown in Fig. 5 , both sufficient phase margins and smooth magnitude characteristic of the closed loop are achieved. It implies inner control loop parameters are well designed. Nonetheless, the harmonic control capability of the system is very limited, due to the large phase lag in the high-frequency range, e.g., the 90°phase lag at 400 Hz. To reinforce the system harmonic control capability, external MRRSCs regarding dominant harmonic components (6th, 12th, 18th) are added.
B. External Loop MRRSC Parameters Design
In this case, the MRRSCs is implemented in the dq-frame, and the highest order harmonic to be controlled is 18th order; thus, the sampling rate should be no less than 1.8 kHz (viz., m should be smaller than 5.5), according to the design criterion in Section II-D. Hereinafter, the MRRSCs with different sampling rates, i.e., m = 1, 2, 4, will be designed for comparative study.
According to (4)- (9), the equivalent single-rate closed-loop transfer function CP (z m ) under different RSC sampling rates (m = 1, 2, 4) are derived as (19) shown at the bottom of this page. The phase compensation angles for the MRRSCs tuned at 6th, 12th, and 18th order harmonics are calculated according to (12) and (19) , and the results are listed in Table III. The root loci of the closed-loop system 1 + G c (z m )CP (z m ) under different RSC sampling rates are depicted in Fig. 6 , and the corresponding zoomed-in diagram is depicted in Fig. 7 . In the studied case, the upper boundaries of K I h under different RSC sampling rates (m = 1, 2, 4) exist at the same place in Fig. 7 , the smallest value of K Ihmax equals to 1200. Finally, the MRRSCs integral gains are set equal to 500 for all sampling rates to guarantee the sufficient stability margin. With the designed parameters for both inner and external control loop, the pole diagram of the overall closed-loop system, i.e., (11) , is drawn in Fig. 8 to check the system stability. It can be seen from Fig. 8 that above-designed parameters ensure the stability of the overall closed-loop system since all the poles of the closed-loop transfer function stay inside of the unit circle.
The pole diagram of the closed-loop system with insufficient phase compensation for MRRSCs is also exemplified in Fig. 9 to illustrate the effect of phase compensation accuracy on the system stability. The reduced sampling rate will increase the delay, thus larger phase compensation angles are required for MRRSCs with large m as listed in Table III . When applying the compensation angles for MRRSCs with m = 1 to the one with Fig. 9 . Pole diagram of the overall closed-loop system with insufficient phase compensation. Fig. 10 . Implementation of the PLL-based frequency adaptive MRRSC with direct form II transpose (DFIIt) structure [3] . m = 4, the phase compensation is not enough, and the overall closed-loop system will go into instability as the pole corresponding to higher order harmonic, i.e., 18th order harmonic, will go outside of the unit circle as shown in Fig. 9 .
To improve the frequency adaptability of MRRSCs, a PLL is used to update the central resonant frequencies of MRRSCs. It can be seen from (2) that all the four coefficients of MRRSC are relevant to its resonant angular frequency hω 1 . However, only the coefficient b 1 , which affects the poles of MRRSC, is online corrected as shown in Fig. 10 , for the sake of simplicity and less computational burden. This simplicity inevitably leads to the phase compensation error.
The phase compensation error as a function of the phase compensation angle and frequency variation Δω 1 is shown in Fig. 11 . It can be seen that the phase compensation errors of MRRSCs (m = 2) tuned at 6th, 12th, and 18th order harmonics in the presence of ±10% frequency variations are no larger than The robustness of the overall closed-loop system to parameter variations, i.e., inductance variations, has been further analyzed. Taking m = 4 for example, the system pole diagram in the presence of ±10% inductance variations is drawn in Fig. 12 , where all the poles of the closed-loop transfer function stay inside of the unit circle. The same results can be obtained for m = 1 and m = 2. Fig. 13 shows the experimental setup. Two 2.2 kW Danfoss inverters are used as the grid-forming inverter and grid-connected inverter, respectively. The control algorithm is applied in dSPACE 1005 with a 10 kHz sampling frequency. To validate the performance of the proposed MRRSCs scheme, the grid-connected inverter is utilized to compensate the harmonics generated by the nonlinear load. The experimental data are all recorded by the Tektronix TPS2024B Oscilloscope.
IV. EXPERIMENTAL RESULTS
The computational burden of the MRRCS is analyzed in a number of operations. This is commonly regarded as valid for assessing the computational burden without further experimental verification [32] , [33] . It is evident that each RSC requires 5 multiplications and 5 additions, as shown in Fig. 10 . Then, the total computational burden of the MRRCS is proportional to the number of required RSCs. Taking m = 2 for example, the MRRSCs, i.e., G c (z m ), are alternatively executed in the dqframe as shown in Fig. 14, G c (z m ) in the d-axis is executed only at odd sampling points, while G c (z m ) in the q-axis is executed only at even sampling points. Consequently, the computational burden of RSCs at each cycle can be reduced to only half of that in a full rate system.
A. Harmonic Compensation Performance Under Different RSC Sampling Rates
To evaluate the steady-state performance at different RSC sampling rates, the corresponding steady-state waveforms are given in Fig. 15 . From up to bottom are grid current, load current, inverter output current, and current tracking error. It can be seen that the load current, which is highly distorted, has been compensated by the inverter, and makes the grid current very close to being sinusoid after compensation. The compensated grid current with MRRSCs at different RSC rates are comparable so that it is hard to tell the difference between them. Thus, fast Fourier transformation analysis of both load and grid currents are given in Fig. 16 to further evaluate the controller performance. It can be observed from Fig. 16 that the total harmonic distortion (THD) of the grid has been attenuated from 58% to below 6%. Note that the THD calculation in this paper is from 2nd up to 50th order harmonics. The MRRSC with reduced sampling frequency will more or less sacrifice the performance to some extent at higher order harmonics because of the approaching to the Nyquist frequency and precision degradation of producing the control output for high-order harmonics.
The impact of phase compensation on the system stability is also verified, and the results are shown in Fig. 17 . Note that the MRRSCs are operated with sampling frequency equal to 2.5 kHz, viz., m = 4. When changing the compensation angles of the MRRSCs from the ones for m = 4 to the ones for m = 1, as listed in Table III , the output current of the inverter starts to oscillate, and the system becomes unstable.
B. Harmonic Compensation Performance Under Wide Grid Frequency Variation (m = 2)
To evaluate the frequency adaptivity of the MRRSC, experiments are carried out when the RSC sampling rate is set to 5 kHz (m = 2). Fig. 18 illustrates the spectra of load and grid currents under different grid frequencies, i.e., 45 and 55 Hz. The THD of grid currents with MRRSCs under different grid frequencies are also been compensated to below 6% and are comparable to the one at the rated grid frequency as shown in Fig. 16 , this indicates that adaptive MRRSCs have good frequency adaptivity under wide grid frequency variations.
C. Dynamic Performance of Harmonic Compensation Under Different RSC Sampling Rates
The transient waveforms of harmonic compensation are given in Fig. 19 to evaluate the dynamic performance of MRRSCs at different RSC sampling rates. It can be seen that before activating the harmonic compensation, the grid current is almost identical to the load current. After enabling the harmonic compensation function, the concerned harmonic components are compensated, and consequently, the harmonic distortion of the grid current is reduced significantly. Due to the amplification of the harmonic when implementing the harmonic compensation to capacitive nonlinear load [34] , it is unfair to evaluate the response of the controller via the time within which the output reached the steady state. Thus, the dynamic performance is evaluated via the tracking error convergence speed after activating the harmonic compensation function. It can be seen from Fig. 19 that the error convergence time is about 0.01 s for different RSC sampling rates. Since the integral gains of the MRRSCs with different RSC sampling rates are identical, dynamic response speeds of MRRSCs at different RSC sampling rates are similar. It can be concluded that the multirate scheme in fact barely degrades the dynamic characteristics of the RSC.
V. CONCLUSION
This paper proposed an MRRSCs scheme for three-phase grid-tie inverters with harmonic compensation function. The main advantages of the proposal are as follows:
1) with the PLL-based phase compensated RSCs, high harmonic control precision can be achieved even in the presence of wide range grid frequency variations, e.g., islanded microgrids occasions; 2) with multirate technique, the computational burden of the paralleled RSCs can be reduced significantly at the cost of little steady-state performance degradation; 3) multirate scheme does not change the dynamic performance of RSCs; thus, a faster dynamic response speed can be achieved compared with multirate repetitive controller. Thus, the proposed approach is not only suitable for embedding grid-connected inverters with harmonic compensation capability but also can be extended to design a cost-effective control system for active power filter applications.
